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Abstract. We describe all fusion subcategories of the representation category Rep(-D" (G)) 
of a twisted quantum double D'^{G), where G is a finite group and w is a 3-cocycle on G. 
In view of the fact that every group-theoretical braided fusion category can be embedded 
into some Rep(D'^(G)), this gives a complete description of all group-theoretical braided 
fusion categories. We describe the lattice and give formulas for some invariants of the fusion 
subcategories of Rep(£'"(G)). We also give a characterization of group-theoretical braided 
fusion categories as equivariantizations of pointed categories. 



1. Introduction 

Let G be a finite group and c<j be a 3-cocycle on G. In |DPRlirDPR2] Dijkgraaf, Pasquier, 
and Roche introduced a quasi-triangular quasi- Hopf algebra D'^{G). When uj = 1 this quasi- 
Hopf algebra coincides with the Drinfeld double D{G) of G and so D^{G) is often called a 
twisted quantum double of G. It is well known that the representation category Rep(D'^(G)) 
of D'^iG) is a modular category [BKj and is braided equivalent to the center ZiVec^) of 
the tensor category Vec^ of finite-dimensional G-graded vector spaces with associativity 
constraint defined using uo [MjJ. 

The principal goal of this paper is to give a complete description of fusion subcategories of 
Rep(D'^(G')) and the lattice formed by them. Our description of the lattice may shed more 
light on the structure of Rep(D'^(G)). For instance, the group of braided autoequivalences 
of Rep(D'^((j')) acts on this lattice, and so one can, in principle, derive some information 
about this group from our description. 

Our results also have consequences more generally for a group-theoretical braided fusion 
category, that is a braided category C dual to Vec^ for some G and u (see Section [TT] or [02j ). 
Since C is braided, it can be realized as a fusion subcategory of Rep{D'^ (G)) = Z(Vec^). This 
means that our description of all fusion subcategories of Rep(D'^((j')), for all finite groups 
G and 3-cocycles u, is equivalent to a description of all group-theoretical braided fusion 
categories. In particular, our results give a description of all modular |BK] group-theoretical 
fusion categories. 

Group-theoretical fusion categories are of interest as examples of fusion categories that can 
be described explicitly in terms of finite groups and their cohomology [Olj . They are also 
more general than one might at first expect: All semisimple quasi- Hopf algebras of prime 
power dimension have group-theoretical representation categories, a consequence of a more 
general result on nilpotent fusion categories [DGNOj . For some time it was unknown whether 
there are any complex semisimple Hopf algebras having non-group-theoretical representation 
categories; the first known example was announced recently by the second author [Nkj . 
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1.1. Main results. Let G be a finite group, and k an algebraically closed field of character- 
istic zero. Unless otherwise stated all cocycles appearing in this work will have coefficients 
in the trivial module . All categories are assumed to be /c-linear and semisimple with 
finite-dimensional Hom-spaces and finitely many isomorphism classes of simple objects. All 
functors are assumed to be additive and fc-linear. 

Theorem 1.1. Fusion subcategories of the representation category of the Drinfeld double 
D{G) are in bisection with triples {K,H,B), where K,H are normal subgroups of G central- 
izing each other and B : K x H k^ is a G -invariant bicharacter. 

Theorem 1 1 . 1 1 gives a simple description of all fusion subcategories for the untwisted double 
D{G). Now let uj G Z^{G, k^) be a 3-cocycle on G . In the twisted {u ^ 1) case the notion 
of a G-invariant bicharacter must be twisted (see Definition 15.41) . 

Theorem 1.2. Fusion subcategories of the representation category of the twisted double 
D^{G) are in bisection with triples {K,H,B) where K,H are normal subgroups of G cen- 
tralizing each other and B : K x H ^ k^ is a G-invariant uj- bicharacter. 

As noted earlier, the above result is equivalent to a description of all group-theoretical 
braided fusion categories. 

Let {K, H, B) be a triple as described in the above theorem and let S{K, H, B) denote the 
corresponding fusion subcategory of Rep(D'^(G)). The next result gives a criterion for the 
fusion subcategory S{K, H, B) C Rep(D'^(G)) to be nondegenerate or prime. Recall [Ml] 
that a nondegenerate braided fusion category is called prime if it has no proper nontrivial 
nondegenerate subcategories. 

Theorem 1.3. (i) The fusion subcategory S{K, H, B) C Rep(D'^(G)) is nondegenerate 
if and only if HK = G and the symmetric bicharacter BB°^\(^KnH)x{KnH) is nonde- 
generate. 

(ii) R.ep{D'^{G)) is prime if and only if there is no triple {K,H,B), where K and H 
are proper normal subgroups of G that centralize each other, HK = G, and B is a 
G-invariant uo -bicharacter on K x H such that B B"^\(^KnH)x{KnH) is nondegenerate. 

We note that, in our situation, being nondegenerate is equivalent to being modular (see 
Section [273]) . Therefore, the above result combined with Theorem 11.21 gives a description of 
all modular group-theoretical fusion categories. 

1.2. Organization of the paper. Section 2 contains necessary preliminary information 
about fusion categories and module categories. We also recall definitions and results from 
|MH IDGNOj concerning centralizers in braided fusion categories. 

Section 3 (respectively. Section 5) is devoted to a description of fusion subcategories of 
the representation category of the Drinfeld double (respectively, twisted double) of a finite 
group. We chose to treat the untwisted and twisted cases separately because the twisted case 
involves rather technical cohomological computations which may obscure the main results. 
We note that when u = 1 the results of Section 5 reduce to those of Section 3. 

Sections 3, 5, and 6 contain proofs of some of our main results stated above. Theorems II. H 
11.21 and Theorem 11.31 correspond to Theorems I3.12[ 15.111 and Theorem 16.71 respectively. 

Section 4 (respectively. Section 6) is devoted to a description of the lattice and some 
invariants of fusion subcategories of the representation category of the Drinfeld double (re- 
spectively, twisted double) of a finite group. 
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In Section 7 we prove that a braided fusion category is group-theoretical if and only if it 
is equivalent to an equivariantization of a pointed fusion category with respect to an action 
of a group G. 

1.3. Acknowledgments. The second author was partially supported by NSA grant H98230- 
07-1-0081 and NSF grant DMS-0800545. He is grateful to Vladimir Drinfeld, Pavel Etingof, 
and Viktor Ostrik for helpful discussions. The third author was partially supported by NSA 
grant H98230-07-1-0038 and NSF grant DMS-0800832. 

2. Preliminaries 

2.1. Group-theoretical fusion categories. A fusion category over /c is a /c-linear semisim- 
ple rigid tensor category with finitely many isomorphism classes of simple objects and finite 
dimensional Hom-spaces such that the neutral object is simple |ENO] . 

A fusion category is said to be pointed if all its simple objects are invertible. A typical 
example of a pointed category is Vecg, the category of finite dimensional vector spaces over 
k graded by the finite group G. The morphisms in this category are linear transformations 
that respect the grading and the associativity constraint is given by the normalized 3-cocycle 
oj on G. 

Consider the fusion category Vec^. Let if be a subgroup of G such that ojIhxHxh is 
cohomologically trivial. Let if) he a, 2-cochain in C^{H, k^) satisfying uj\hxHxh = ^^V"- 
The twisted group algebra k^[H] is an associative unital algebra in Vec^. Define C = 
C{G, uj, H, ip) to be the category of /c'^fifj-bimodules in Vec^. Then C is a fusion category 
with tensor product ®k^[H\ and unit object k'^[H]. Categories of the form C(G, cu, H, ip) 
are known as group-theoretical [ENUt Defn. 8.40], [02j . It is known that a fusion category 
C is group-theoretical if and only if it is dual to a pointed category with respect to an 
indecomposable module category. (See [Ulj and jM3j for notions of module category and 
duality.) 

2.2. Adjoint categories and central series of fusion categories. The following defini- 
tions were introduced in |GNi lENOj . 

Let C be a fusion category. The adjoint category Cad of C is the full fusion subcategory of 
C generated by all subobjects of A ® A*, where A runs through simple objects of C. For 
example, let G be a finite group and let C = Rep(G) be the representation category of G. 
Then Cad = Rep(G/Z(G)), where Z{G) is the center of G. 

Let C(°) = C, C(^) = Cad, and C^") = (C^"-^))^^ for every integer n>l. 

The non-increasing sequence of fusion subcategories of C 

c = c(°) 3 C^^^ ^ ■ ■ ■ ^ C^") D ■ • • 

is called the upper central series of C. This definition generalizes the classical one, as we 
show next: Let G be a finite group with identity element e, and C = Rep((j). Let 

{e} = G°(G) C C\G) C . . . C C"(G) C . . . 

be the upper central series of G; i.e., G°(G) := {e},C^{G) := Z{G) (the center of G) and 
for n > 1 the subgroup G"(G) is defined by G"(G)/G"-i(G) = Z {G / G'^^G)) . Then 
C(") = Rep(G/G"(G)). 

Let C be a fusion category such that its Grothendieck ring Kq{C) is commutative (e.g., C 
is braided). Let V he a fusion subcategory of C. The commutator of V is defined to be 
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the fusion subcategory of C generated by all simple objects y of C such that Y ®Y* G V. 
An example: Let G be a finite group and let C = Rep(G'). Any fusion subcategory of C is of 
the form Rep(G/iV) for some normal subgroup of G. The simple objects of the category 
Rep(G/A^)'^° are irreducible representations y of G for which Y ^Y* restricts to the trivial 
representation of A^. 

Let C(o) = Vec, C(i) = Cpt (the maximal pointed subcategory of C) and C(„) = (C(„„i))™ 
for every integer n > 1. The non-decreasing sequence of fusion subcategories of C 

(1) Vec = C(o) C C(i) C ■ ■ ■ C C(„) C • • • 

is called the lower central series of C. This definition generalizes the classical one: Let G be 
a finite group and C = Rep((j). Let 

G = CoiG) D Ci{G) D • ■ ■ D Cn{G) D ■ ■ ■ 

be the lower central series of G; i.e., C„(G) = [G,C„_i(G)] for all n > 1. Then C(„) = 
Rep{G/C„,{G)). 

2.3. Centralizers in braided fusion categories. Let C be a premodular category (i.e., 
a braided ribbon fusion category) with braiding c and twist 6 (see |BKj ). By the S -matrix 
of C we mean a square matrix S := {S{X, Y)) whose columns and rows are labeled by 
simple objects of C and the entry S{X, Y) is the (quantum) trace (defined using c and 6) of 

cy,xcx,y : X ® y ^ X ® y. 

Following Miiger, we will say that two objects X,Y E C centralize each other if 

cy,x o cx,y = idx^Y- 

Assuming that categorical dimensions in C are positive, simple objects X and y in C 
centralize each other if and only if S{X, Y) = d{X)d{Y) |Mll Prop. 2.5]. All categories 
considered in this work have positive categorical dimensions. 

Let V he a full (not necessarily tensor) subcategory of C. In jMlj . Miiger introduced the 
notion of the centralizer of P in C as the fusion subcategory 

V ■.= {X eC\ c(y, X) o c(X, y) = idx®y, for all Y eV} . 

We define the Miiger center oi C, denoted 22(C), to be the full fusion subcategory C. The 
category C is said to be nondegenerate if Z2{C) = Vec (the fusion subcategory generated by 
the unit object). Such a category C is called prime if it has no non-trivial proper nonde- 
generate subcategories. It was shown in [Ml] that a nondegenerate braided fusion category 
factorizes (in general, non uniquely) into a product of prime ones. 

Note that the corresponding S'-matrix S" of C is invertible, i.e., C is modular, if and only 
if C is nondegenerate. 

It is also known [Ml] that if D is a fusion subcategory of a modular category C then 
V" = V and 

(2) dim(V) ■ dim(V') = dim(C). 

Lemma 2.1. Let A and B be full Abelian subcategories ofC (a priori not assumed to be closed 
under tensor product or taking duals) centralizing each other and dim{A) -dimilS) = dim{C). 
Then A and B are fusion subcategories and A' = B. 
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Proof. Let A denote the fusion subcategory generated by A. Note that B centrahzes A, i.e., 
B C (A)'. We have 

dim(C) = dim(^) ■ dim((^)') > dim(^) ■ dim(;B) = dim(C). 

Hence, the inequahty above is an equahty, so A and B are fusion subcategories and A' = 
B. m 

3. Fusion subcategories of the quantum double of a finite group 

3.1. The quantum double of a finite group. Let G be a finite group. For any g & G, 
let Kg denote the conjugacy class of G containing g. Let R denote a complete set of repre- 
sentatives of conjugacy classes of G. Let C denote the representation category Rep{D{G)) 
of the Drinfeld double of the group G: 

C := Rep{D{G)). 

Remark 3.1. (i) It is well known that C is equivalent, as a braided fusion category, 
to the category of G-equivariant vector bundles on G, where G acts on itself by 
conjugation. 

(ii) The category C contains the category Rep(G) of representations of G as a fusion 
subcategory. Namely, Rep(G) is identified with the category of G-equivariant bundles 
supported on the identity element of G. 

The set of isomorphism classes of simple objects of C is identified with the following set: 

(3) r := {(a, x) I a G -R and x is an irreducible character of Gcia)}- 
The categorical dimension of the simple object (a, x) is 

IGI 

(4) d{a, x) = \Ka\ degx = , degx- 

\'~'G[0')\ 

It is well known that C is a modular category [AC l] . Its S'-matrix S and twist 6 are given 
by the following formulas : 

|G| 

Siia, x), {b, x')) = 1^ . Yl X{.gbg~^)x{.9~^ag), 

I G\0-}\\ G\ ) \ gfzG(a,b) 

^(«, x) 



degx 

for all (a, x), (^5 x') ^ where G(a, h) = {g & G \ agbg~^ = gbg^^a} and x denotes the 
character conjugate to x- For more details we refer the reader to [BKJ . 

Note that the categorical dimensions (jl]) of objects of C are defined using the braiding on 
C and the above twist 9. 

Remark 3.2. It is known that the entries of the S'-matrix lie in a cyclotomic field. Also, 
the values of characters of a finite group are sums of roots of unity. So we may assume that 
all scalars appearing herein are complex numbers; in particular, complex conjugation and 
absolute values make sense. 



The following lemma was proved in |NNl Lemma 3.1]. 
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Lemma 3.3. Two objects (a, x)) {b, x') ^ T centralize each other if and only if the following 
conditions hold: 

(i) The conjugacy classes Ka,Kh commute element-wise, 
(n) X{.9bg'^)x'{.9~^ag) = degx degx', for all g eG. 

We generalize this result in the next lemma. 

Lemma 3.4. For any two objects (a, x), x') e T, \S{{a,x), ib,x'))\ = d{a,x) d{b,x') if 
and only if the following conditions hold: 

(i) The conjugacy classes Ka,Kh commute element-wise, 

(ii) \x{.9b9^^)\ = degx, \x'i9^^a'9)\ = degx', and x{.9b9~'')x' {.9~^ ag) = x{b)x'{a), for all 
geG. 

Proof. The condition \S{{a,x), {b,x'))\ = d{a,x) d{b,x') is equivalent to the condition 



(5) 



g£G{a,b) 



\G\ degx degx', 



where G{a, b) = {g E G \ agbg~^ = gbg~^a}. It is clear that if the two conditions in the 
statement of the lemma hold, then holds. 

Now suppose that (jS]) holds. We will show that this implies the two conditions in the 
statement of the lemma. We have 

1^1 degx degx' = ^ x{.9b9'^) x' {.9~^ ag) 

geG{a, b) 

< E \xi9b9-')\\x'{9-'ag)\ 

9&G(a, b) 

< \G\ degx degx'- 
So EgeG(a,b) \x{9b9'^) \ \x'{9'^ag)\ = \G\ degx degx'- Since 

\G{a, 6)1 < |G|, \x{9b9'^)\ < degx, and |x'(5'"^afl')l < degx', 

we must have G{a, b) = G, \x{9b9^^)\ = degx, and \x'{9^^ag)\ = degx'- The equal- 
ity G{a, b) = G implies that the conjugacy classes Ka,Kh commute element-wise. Since 
\x{9b9~^)\ = degx and \x'{9~^'^g)\ = degx', there exist roots of unity Ug and Pg such that 
x{9bg~^) = Cig degx and x'{9~^(^g) = (3g degx', for all g E G. Substitute in (jSD to obtain 
the equation 



(6) 



\G\. 



Note that ([6]) holds if and only if agPg = aePe, for all g G G. This is equivalent to saying 
that x{9b9^^) x'{9~^(^g) = x{b) x'{a), for all g E G, and the lemma is proved. ■ 

Note 3.5. The following special cases of Lemma [3.41 will be used later, 
(i) l'S'((e,x), (6,x'))l = die, x) d{b, x') if and only if xI[g,6] = degx, where 

[G,b] = {gbg~'b-'\geG). 

6 



(ii) \S{{a, 1), (6, = d{a, 1) d{b, x') if and only if the conjugacy classes Ka, Kf, commute 
element-wise and x'l[G,a] = degx'- 

3.2. Canonical data determined by a fusion subcategory of Rep(D(G)). Let V he a 

fusion subcategory of C. There are two canonical normal subgroups of G determined by V. 
First, let 

(7) Kj) := {gag^^ \ g E G and (a, x) E V DT for some x} 

be the support of V. That is, Kd is a minimal subgroup of G with the property that every 
vector bundle in V is supported on Kd- 

Second, let Hx) be the normal subgroup of G such that V fl Rep(G') = Rep{G/ Hx>)- 
Equivalently, 

(8) Ht,:= fl Ker(x), 

where Ker(x) = {g E G \ x{g) = degx} is the kernel of the character x- 

Proposition 3.6. Let V be a fusion subcategory of C. Then Hx>' = Kx>, K-pi = Hd, and the 
subgroups K-p and H-d centralize each other. 

Proof. Consider a simple object (e, x) of Rep(G'). By Lemma [373] it centralizes V if and only 
if x(a) = degx for all a E Kx>. Thus, T''nRep((j) = Rep(G/i^x)), which is the first equality. 

The second equality follows by replacing T) with V and using Miiger's double centralizer 
theorem {V = V) [MlJ . By Lemma [3. 3[ Kd and Kd' centralize each other. ■ 

Lemma 3.7. Let S be a fusion subcategory of Iiep{D{G)) and let {a,x) E S HT. Suppose 

x' is an irreducible character of Gg{o) such that = ^^cgx ' '"^^^^^ '^^ support of 

£'. Then (a, x') e £. 

Proof. Let us show that (a, x') centralizes £' . Pick any (6, x") E £' f\T. To see that (a, x') 
and (6, x") centralize each other we only need to check that Condition (ii) of Lemma 13.31 is 
satisfied. We have 

degx' degx" degx degx" 

for all g E G. The first equality above is due to the equality ^j^^' = ^^Y' "^^i^^ second 
equality is due to the fact that (a, x') and (6, x") centralize each other. Therefore, (a, x') 
centralizes £', i.e., (a, x') E £" = £ and the lemma is proved. 

■ 

Let us define a pairing 
as follows. Let (a, x) G I' fl F, and 

fn\ u I -I h\ Xighg-^) 

(9) BTj{g ag,h):=— , 

degx 
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for aA\ g E G,h E H-p- Let (6, x') G fl F, so that (6, x') centralizes (a, x)- Then 



degx V degx' / 

for all g E G. The equation (|TOl) shows that the pairing does not depend on the choice of x- 
By its definition, Bx> is G- invariant. Also note that 

Bv{kk', h) = Bv{k, h)Bv{k' , h) and B^ik, hh') = Bv{k, h)B'D{k, h') 

for all k, k' G Kj) and h, h' G H-p = Kd'] the latter equality is immediate from the definition 
of Bj), while the former follows from equation (1101) which gives an alternative definition of 
Bx>- 

Thus, to every fusion subcategory P C C we associate a canonical triple {Kp, Hp, Bp), 
where Kpi and Hpi are normal subgroups of G centralizing each other and Bpi : Kp x Hp —>■ k^ 
is a G-invariant bicharacter. 



3.3. Construction of a fusion subcategory of R.ep{D{G)). Suppose we have two normal 
subgroups K and H oi G that centralize each other, and a G-invariant bicharacter B : 
K X H ^k"". Define 

(11) 

S{K, H, B) := full Abelian subcategory of C generated by 

a E K n R and x is an irreducible character of Gcia) 
such that x{h) = B{a, h) degx, for all h E H 



x)er 



Remark 3.8. (i) As we mentioned in Remark 13.11 Rep(-D(G)) is identified with the 
category of G-equivariant bundles on G. The above subcategory S{K, H, B) is iden- 
tified with the subcategory of bundles supported on K whose G-equivariant structure 
restricts to H as follows: The action oi h E H on the fiber corresponding to a G 
is the scalar multiplication by B{a, h). That K is indeed the support of S{K, H, B) 
follows from the next lemma. 



(ii) Note that S{G, {e}, 1) = Rep(D(G)), while S{{e},G, 1) is the trivial fusion subcat- 
egory of Rep(D(G)). 

The following lemma was proved in |NN| Lemma 3.2]. 

Lemma 3.9. Let E be a normal subgroup of a finite group F. Let Irr(F) denote the set of 
irreducible characters of F. Let p be an F -invariant character of E of degree 1. Then 

{degx? = [F : E]. 

XeIrr(F):x|E=(degx)p 

Recall that by the dimension of a full Abelian subcategory of C we mean the sum of squares 
of dimensions of its simple objects. 

Lemma 3.10. The dimension of the subcategory S{K, H, B) is \K\[G : H]. 
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Proof. We compute 

dim{S{K, H, B)) = ^))' 

{a,x)(^S(K,H,B)r\V 

aeKflR x-(a,x)^S{K,H,B)r\T 

= J2 \Ka\'[CG{a):H] = \K\[G:H], 

a€KnR 

where the third equahty above is explained as follows. Fix a & K (1 R and observe that 
B{a, ■) is a CG(a)-invariant character of H of degree 1 and then apply Lemma [3. 9[ ■ 

Given a bicharacter B : K x H ^ k"" let us define B°p : H x K ^ k"" hy B°P{h, k) = 
B{k, h) for a\\keK,he H. 

Lemma 3.11. S{K,H,B) is a fusion subcategory ofC andS{K,H,By = S{H,K, {B°py^). 

Proof. First, we show that the full Abelian subcategories S{K, H, B),S{H, K, C C 

centralize each other. Let (a, x) G <S{K, H, B) and (6, x') ^ S{H,K, {B°^)~^). Since K and 
H centralize each other, in order to show that (a, x) and (6, x') centralize each other, it only 
remains to check that condition (ii) of Lemma 13.31 holds. We have 

Xigbg ')x'{9-'ag) ^ ^^^^ g^g-i^^^o^yi^i^^ g-i^g^ ^ B{a,gbg-')B{g-'ag,b)-' = 1, 
deg X deg x' 

for all g G. The first equality above is by definition of S{K., H, B) and S{H, K, 

while the last equality is due to G-invariance of B. Therefore, condition (ii) of Lemma 13.31 

holds and it follows that S{K, H, B) and S{H, K, {B°^)~^) centralize each other. 

By Lemma Eini dim{S {K , H , B)) ■ dim iT, (S°p)^1) = \K\[G : H] ■ \H\[G : K] = 

|Gp = dim(C). Since S{K, H, B) and S{H, K, (i?°P)~^) centralize each other it follows from 
LemmaOthat S{K, H, B) is a fusion subcategory and S{K, H, B)' = S{H, K, {B°^)-^). ■ 

Theorem 3.12. The assignments V ^ {Kd, Hj), Bj}) and {K,H,B) i-^ S{K,H,B) are 
inverses of each other. Thus, there is a bijection between the set of fusion subcategories of 
C and triples {K, H, B), where K,H ^ G are normal subgroups of G centralizing each other 
and B : K X H k^ is a G -invariant bicharacter. 

Proof. First, we show that {Ks(^k,h,b)^ Hs{k,h,b)i Bs{k,h,b)) = {K,H,B). As mentioned in 
Remark 13. 8^ it follows from Lemma 13.91 that Ks(k,h,b) = K. By Lemma 13. IH Hs{k,h,b) is 
the support of S{K, H, B)' and so Hs(^k,h,b) = H. For any aEKHR, hEH,vfe have 
Bs{K,H,B)ia,h) = where (a, x) e S{K,H,B) n F. Since (a, x) G S{K,H,B), we have 
x(^) = B{a, h) degx- Therefore, Bs{k,h,b){.0', h) = B{a, h) and the G-invariance of the two 
bicharacters in question imply that Bs{k,h,b) = B. 

Second, we show that Si^K-o, H-d, B-d) = V. Pick any (a, x) G S{Kt>, H-r,, B^). Then for 
all h e Hv, 

- BTy[a, h) - -, 

deg X deg x 

where (a, x') ^ Here the first equality follows from the definition of S{Kx>, Hx>, B-p) 

______ xl -fc 

flTT]) . while the second equality follows from the definition of Bx> (ED- Therefore, — — — 



degx 



and it follows from Lemma 13771 that (a, x) G T^- So, S{Kx>, Hx), Bd) C D. Similarly, 
S{Kt>', Hx>', Bx>') = S{Hti, Kj), Bj)') C V' . Using Lemma 13.101 we have 

dim(C) = = <lim{S{Kv, Hv, Bv)) ■ dim{S{Hj„ Kj,, Bv)) < dim(P) dim(r'') = dim(C). 

Hence, dim(5(Ki5, if©, B-p)) = dim{V) and so S{Kt), Hv, Bv) =V. ■ 

4. Some invariants and the lattice of fusion subcategories of Rep(L'(G')) 

4.L The lattice. Let G be a finite group. Let K,H,K', and H' be normal subgroups 
of G such that K and H centralize each other and K' and H' centralize each other. Let 
B : K X H and B' : K' x H' -.^ be G-invariant bicharacters. 

Proposition 4.1. S{K,H,B) C S{K\H',B') if and only zf K C K',H' C H, and 

B\kxH' = B'\kxH'- 

Proof. The statement follows from the definitions and Remark 13. 8[ ■ 
Define a homomorphism 

ifB,B':KnK'^lfnH' by a ^ B{a, ■)\HnH'iB')-\a, ■)\HnH', 

where H D H' denotes the group of group homomorphisms from H D H' to k^ . Also, define 
a G-invariant bicharacter 

ijB,B' ■■ ker ^B,B' X HH' k"" by (a, /i/i') ^ B{a, h)B\a, h'). 

Proposition 4.2. (i) S{K, H, B) n S{K' , H' , B') = S{keT ^b,b', HH' ,^b,b')- 
(ii) S{K,H,B)VS{K',H',B') = S{KK' ^b^^,{B'Y^. (^bop'(bo°p)°p)- 

Proo/. (i) First, we show that S{K,H,B) n S{K' , H' , B') C S{keT ipB,B', HH\^b,b')- Let 
(a, x) be any simple object of S{K, H, B) n S{K' , H', B'). By definition, a e K n K' n R 
and X is an irreducible character of Cg{(i) such that 

x\h = B{a, ■) degx and x\h' = B'{a, ■) degx- 

It follows that B{a, ■)\HnH' = B'{a, ■)\HnH', so that a G ker (/j^ ^'- Also, 

X{hh') = B{a, h)B'{a, h') degx = i^B,B'{a, hh') degx, 

for all h e H,h' e H' . Therefore, (a, x) G S{keT <^b b', HH' ,^b b'), so S{K,H,B) n 
S{K',H',B') C 5(ker(^B,B',m',V'B,B')- 

Next, we show that S{kei ^b,b',HH' ,i)B,B') ^ S{K, H, B) f] S{K' , H' , B'). Let (a, x) be 
a simple object in iS(ker y^^.B', -f/^-f/^', '>Pb,b')- By definition, a G ker yj^^^/ fli^Ci^ni^'ni? 
and X is an irreducible character of Cg{(i) such that 

x\hh' = ^B,B'ia, ■) degx- 

li h & H, this implies 

X{h) = i)B,B' (a, h) deg x = B{a, h)B'{a, e) deg x = B{a, h) deg x- 

Similarly, if h' e H', then xih') = B'{a, h') degx- By definition, (a, x) G S{K,H,B) n 
cS(ir', if', 5'), so 5(ker (^b,^,, HH', iPb,b') ^ S{K, H, B) n S{K' , H', B') and the proposition 
is proved. 
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(ii) We have 

S{K, H, B) V S{K\ H', B') = {S{K, H, B)' n S{K\ H', B')')' 

= {S{H, K, (5°P)-^) n S{H', K', 

= S (ker Lp(^B°p)''^ ,{(B')°p)-^ , K K' , ip(^B°p)-'^ ,{(B')°p)-^) 

= S [KK' ,keT ip^B°p)-\i(B')°p)-i , {{'^{B°p)-\{iB')°p)-^y^)'^) 

= S {KK',keTipBop,{B')°p), (^B°p,(B')°p)°'') • 

The first equahty above is due to |Mll Lemma 2.8 and Theorem 3.2(i)], the last equality 
follows from a direct calculation, and the other equalities follow from either Lemma 13.111 or 
part (i). ■ 

A braided tensor category C is said to be symmetric if the square of the braiding is the 
identity |BK] . A fusion subcategory "D of a premodular category C with positive categorical 
dimensions is said to be isotropic if the twist of C restricts to the identity on T> |DGNO] . By 
Deligne's theorem [Dj an isotropic subcategory P C C is Tannakian, i.e., it is equivalent to 
the representation category of a finite group as a symmetric fusion category. An isotropic 
subcategory P C C is said to be Lagrangian if V = V, or equivalently (dim(D))^ = dim(C). 
Recall that a bicharacter f : L x L ^ on an abelian group L is alternating if f{x,x) = 1, 
for all X E L. 

Proposition 4.3. The fusion subcategory S{K, H, B) C R.ep{D{G)) is 

(i) symmetric if and only if K C H and B{ki, k2)B{k2, ki) = 1, for all ki, k2 G K , 

(ii) isotropic if and only if K ^ H and B\kxk is alternating, 

(iii) Lagrangian if and only if K = H and B is alternating. 

Proof, (i) S{K, H, B) is symmetric if and only if S{K, H, B) C S{K, H, B)' . By LemmalMl 
and Proposition 14. H this is true if and only ii K C H and B\kxk = iB°^)^^\KxK, as stated. 

(ii) Suppose K C H and B\kxk is alternating. In particular, this implies B{a,a) = 1 for 
all a E K n R, so that 

e{a,x) = ^ = B{a,a) = l 
degx 

for all (a, x) e S{K, H, B) n T. That is, S{K, H, B) is isotropic. 

Conversely, assume S{K,H,B) is isotropic, so in particular S{K, H, B) is symmetric. 
Therefore, by (ii), K ^ H and B{ki, k2)B{k2, ki) = 1, for all ki, k2 € K. It remains to show 
that B{k, k) = 1, for all k E K; to this end, pick any (a, x) ^ H,B) HT and observe 
that 

S(a,a) = -^ = %,X) = 1, 
degx 

where the last equality is due to the definition of isotropic. Normality of K and G-invariance 
of B together imply that B{k,k) = 1, for all k E K, as desired. 

(iii) This was proved in (NNj . ■ 

Recall that the notions of Miiger's center Z2, nondegenerate and prime braided fusion 
categories were defined in Section [231 Also, recall that a symmetric bicharacter f : Lx L ^ 
k^ on a group L is nondegenerate if {x G L | f{x,y) = 1 for all y E L} = {e}. 

Proposition 4.4. Z2{S{K, H, B)) = S(kei (pB,(B°p)--^, HK,ipB^{B°p)-^) ■ 
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Proof. Using Lemma 13.111 and Proposition 14.21 (i) , we have 



Z2{S{K, H, B)) = S{K, H, B) n S{K, H, B)' 

= S{K, H, B) n S{H, K, (5°P)-i) 
= S (ker (pB,{B°p)-^ , HK, V'ij,(Bop)-i ) • 

■ 

Proposition 4.5. (i) The fusion subcategory S{K, H, B) C Rep(D(G')) is nondegen- 
erate if and only if HK = G and the symmetric bicharacter BB"^\(^KnH)x{KnH) is 
nondegenerate. 

(ii) R.ep{D{G)) is prime if and only if there is no triple {K, H, B), where K and H are 
normal subgroups of G that centralize each other, (G, {e}) ^ {K,H) ^ {{e},G), 
HK = G, and B is a G-invariant bicharacter on K x H such that the symmetric 
bicharacter BB"^\(^KnH)x(KnH) is nondegenerate. 

Proof (i) Note that S{K, H, B) is nondegenerate if and only if Z2{S{K, H, B)) = S{{e}, G, 1), 
by [ MH Corollary 2.16]. By Proposition l4.4l this is the case if and only if ker (^op)-! = {e}, 
HK = G, and 4'b,{b°p)~^ = 1- The condition keYipB,{B°p)-^ = {e} is equivalent to the condi- 
tion that B{a, ■)\Hf^xB"^{a, ■)\HnK is nontrivial on if fl whenever a & H H K — {e}, that 
is, BB'^P\(^KnH)x{KnH) is nondegenerate. The condition ipB,{B°p)-^ = 1 is automatically true 
when kei (pB,{B°p)-^ = {e}. 

(ii) This follows immediately from Theorem 13.121 Remark 13.81 (ii), and part (i). ■ 

Remark 4.6. Let G := Z/p"Z, where p is a prime. It was shown in |M1] that for p = 2 the 
category Rep(D(G)) is prime and that for odd p nontrivial proper modular subcategories of 
Rep(D((j)) are in bijection with isomorphisms G ^ G, where G denotes the set of group 
homomorphisms from G to . Let us recover this result from Proposition 14. 5[ Suppose 
that S{K, H, B) where (G, {e}) 7^ {K,H) 7^ ({e},G) is a nondegenerate subcategory of 
Rep(D(G)). The condition HK = G implies that at least one of the subgroups H, K 
coincides with G. Let us assume H = G and suppose that \K\ = m < p". Let x, y ^ G 
be generators of H and K respectively. Then B{x, y) is an mth root of 1, so B{y, y) is a 
root of 1 of order less than m and BB'^'^Ikxk = B'^Ikxk is degenerate. Thus we must have 
H = K = G and B must be a (necessarily symmetric) bicharacter on G such that B^ is 
nondegenerate. This is impossible for p = 2. When p is odd B^ is nondegenerate if and only 
if B is nondegenerate, i.e., when B comes from an isomorphism G —>■ G. 

As was observed by Miiger in |Mlj . prime nondegenerate categories serve as building 
blocks for nondegenerate categories. Precisely, it was shown in |MH Theorem 4.5] that 
every nondegenerate category is equivalent to a finite direct product of prime ones (note, 
however, that such a decomposition is not unique in general). Below we collect some remarks 
concerning the primality of Rep(i5(G)). 

Remark 4.7. (i) If G = M x is a direct product of non-trivial groups M and N, 
then Rep(D(G)) is not prime. Indeed, by Proposition 14. 5[ the (nontrivial proper) 
subcategory S{M x {e}, {e} x A^, 1) C Rep{D{G)) is nondegenerate. This fact was 
also observed by Miiger in [Ml ]. 
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(ii) If G is simple and nonabelian, then it immediately follows from Proposition 14.51 that 
Rep(D(G)) is prime. Note that the aforementioned statement is not true for abelian 
simple groups |M1] (see also Remark IT6|) . 

(iii) As mentioned above, simplicity of a nonabelian group G is sufficient for Rep(D(G)) 
to be prime, however, it is not necessary. Indeed, take G = S'„, ri > 3, and let 
K,H he a. pair of centralizing normal subgroups of G such that HK = G. Note that 
K (1 H, being a central subgroup of G, must be trivial, as the center of G is trivial. 
This implies that G is a direct product of H and K. However, as is well known, Sn 
does not admit a non-trivial direct product decomposition, therefore, Rep(Z)(S'„)) is 
prime by Proposition 14. 5[ 

4.2. The Gauss sum and central charge. Let V he a premodular category with twist 6. 
Recall that the Gauss sum of V is defined by 

t{V)= J2 (^(X)d{X)\ 

XGlrr(D) 

where Irr(T') is the set of isomorphism classes of simple objects in V. The central charge is 
defined by 

^^^^ ~ v/dim(P) ■ 

For basic properties of Gauss sum and central charge we refer the reader to [BKl Sect. 3.1]. 
In particular, the central charge of a non-degenerate braided fusion category is known to be 
a root of unity (this statement is known as Vafa's theorem, see |BKt Thm. 3.1.19]). 

Proposition 4.8. The Gauss sum of the fusion subcategory S{K, H, B) C Rep(D(G')) is 



\G\ 



' ' aeKnHnB. 

When S{K, H, B) is nondegenerate its Gauss sum is 

r{S{K,H,B)) = -j^ J2 B{a,a). 



aeKnH 



and its central charge is 



aS{K,H,B))= ^— -— ^(«'«)- 

V 1^ ^^1 aeKnH 

Proof. We have 

TiS{K,H,B))= Yl 0{a,x)dia,xY 

simple (a,x)€S(K,H,B) 

Ka degx • 

deg Y 

simple (a,x)eS{K,H,B) ^ 

By definition of S{K., H, B) the above expression is equal to 

aeKHR \ x&lrr{CGia)):x\H=B{a,-)degx 
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Observing that B{a, ■) is Cg( a) -invariant and applying Frobenius reciprocity and Clifford 
theory, the above expression is equal to 



E 

a<=KnR 



/ \ 

\Ka\' Yl (degx)x(a) 

y X is '^n irr. constituent of Ind^'^'"' B(a,-) J 

Applying Frobenius reciprocity again, the above expression is equal to 

(|ir,r(IndS-(")i?(a,-))( 

Finally, using the formula for the induced character and the fact that the induced character 
is zero on CQ(a)\li the above expression is equal to 

a£KnHnR y ' ' xeCaia) 

= r^n B{a,a) 

\G\ 



\H\ 



Y \Ka\B{a,a). 



aeKnHnR 



When S{K, H, B) is nondegenerate, by Proposition 14. 5[ HK = G, so K (1 H is contained in 
the center of G. Therefore, the Gauss sum is 

T{SiK,H,B))=^-^ J2 \Ka\Bia,a) 



' aeKnHnR 
\K\ 



\KnH\ 



Y B{a,a) 



a£KnH 



and the central charge is 

aS{K,H,B)) 



t{S{K,H,B)) 

^dim{S{K, H,B)) 
\K\ sr^ \ 

\Kr\H\ l^a&Kr\H '^1 

^\K\ -[G-.H] 
— , > B(a,a). 



Remark 4.9. Note that the sum 'Ylia&Kr\H B{a, a) is the classical Gauss sum for the quadratic 
form a I—* 5 (a, a) on the Abelian group K (1 H. 
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4.3. The central series. Following Bruguieres [Brj . we say that a functor F : Ci ^ C2 
between semisimple categories Ci and C2 is dominant if every simple object in C2 is a direct 
summand of the image (under F) of some object in Ci. 

Lemma 4.10. The fusion subcategory S{K,H,1) C Rep(Z^(G')) is generated by the set 
gens{S{K, H, 1)) := {(a, l)&T\aeKnR}U {(e, x) G T | = degx}. 

Proof. The lemma follows immediately from the observation that the restriction functors 
Rep((j'/if) — > Rep(CG(a)/-ff), a & K r\ R, are dominant. ■ 

Proposition 4.11. The adjoint subcategory S{K, H, l)ad of the fusion subcategory S{K, H, 1) 
of Rep{D{G)) is S{[G, K],Cg{K) 7i~^{Z{G/ H)),1) , where tt is the canonical surjection 
from G to G/H and [G, K] = {gkg'^k-^ \geG,keK). 

Proof. By Miiger's double centralizer theorem and Lemma 13.111 it suffices to show that 
{S{K,H,l)ady = S{GG{K)nn-\Z{G/H)), [G,K],1). By [GNl Proposition 6.7], the simple 
objects (up to isomorphism) of {S{K, H, l)ad)' are given by the set 

= {(6, x') e r I \Si{a, x), (&, X'))\= d{a, x) d{b, x'), for all simple (a, x) e S{K, H, 1)} 
= {(6, x') e r I |S((a, x), (b, x'))\= dia, x) rf(6, x'), for all (a, x) G gensiSiK, H, 1))} 
= {{b,x') e T I x\[GM = degx, for all x e Irr(Rep(G/i/)), = {e}, 

and x'l[G,a] = degx', for aAl a & K n R} 
= {(6,x') eT\be Gg{K), [G,b] e H and x'\ig,k] = degx'} 
= {(6, x') e r I 6 G Cg(/0 n 7r-i(Z(G'/if)), and x'llCK] = degx'} 
= Irr(5(CG(ir) n 7i-\Z{G/H)), [G, K], 1)). 
In the second equality above we used Lemma 14.101 and in the third equality we used Note 

KE ■ 

Corollary 4.12. (i) The nth term of the upper central series of R.ep{D{G)) is given by 
Rep(D(G))(") = S{Gn{G), Cg(C„_i(G')) n G^{G), 1), n > 1. 

(11) The nth term of the lower central series o/Rep(D(G)) is given by 

Rep{D{G))(^n) = S{GG{Gn-i{G)) n G^'\G), C„(G), 1), n>l. 

Here GniG) and G"'{G) are the nth terms of the lower and upper central series of G, respec- 
tively. 

Proof. Part (i) follows immediately from Proposition 14 . 1 1 ( while part {ii) follows from [GNt 
Theorem 6.8] and Lemma [3.111 ■ 

5. Fusion subcategories of the twisted quantum double of a finite group 

5.1. The twisted quantum double of a finite group. Recall that a normalized 3-cocycle 
uj : G X G X G ^ is a map satisfying: 

(12) uj{g2, g3, g4)uj{gi, g2g3, g^l^igi, 92, Qs) = ^{gi92, 93, 9i)^{9i, 92, 939^), 

(13) uj{g, e, /) = 1, 
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for all g, /, gi, g2, gs, g^ G G. It follows that uj{e, g,l) = 1 = uj{g, I, e) for all g,l & G as well. 
We may assume the values of u are roots of unity. Define 

(14) Paix,y) -- 

(15) Va{x,y) -- 

(16) la{x,y) -- 



00{ 


[a, 


x,y)uj{x,y,y ^x 


^axy) 






u{x, x~^ax, y) 




UJ{ 




y, a)uj{xyay~^x~^ 


,x,y) 






u{x,yay-^,y) 








y, a)uj{a, a~^xa, a' 


~^ya) 






uj{x, a, a~^ya) 






[axa ^,aya ^,a)u{a. 


,x,y) 



(17) Mx,y) -- / _i X . 

uj[axa ,a,y) 
for all a,x,y E G. Since u; is a 3-cocycle, we have 

(18) /3a(x, y)(3a{xy, z) = /3a(x, yz)p^-iaxiy, z) 

for all a, x,y, z E G. Therefore, for any a E G, Palcaia) is a 2-cocycle. Note that 

(19) Palcaia) = Valcaia) = 7a|cG(a) = '^alcaia)- 

Direct calculations, using f |T2l) . show that the following identities hold: 

lab{x,y) _ Px{a,b)Py{a,b) 



(20) 
(21) 



7b(a ^xa,a ^ya)-fa{x,y) Pxy{a,b) 

Uab{x,y) _ r]x{a,b)r]y{a,b) 



Va{bxb ^,byb ^)ub{x,y) r]xy{a,b) 
for all a, b^x^y G G. 

Let C = Iiep{D^{G)). It is well known that C is a modular category |AC2] . The set of 
isomorphism classes of simple objects in C may be identified with the set 

r := {(a, x) I a G -R and x is an irreducible /^^-character of Ccia)}, 

where a /3a-character of GG{ct) is the trace function of a /c^''[CG'(a)]-module. 
The following lemma is proved in |NNt Lemma 4.2]. 

Lemma 5.1. Two objects (a, x), {b, x') ^ T centralize each other if and only if the following 
conditions hold: 

(i) The conjugacy classes Ka, Kb commute element-wise. 

(ii) For all x,y & G, 



I3a{x,y ^by)f3a{xy ^by,x ^)l3i,(y,x ^ax)l3i,{yx ^ax,y ^) 
/3a(x,x-i)/36(j/,s,-i) 



X{xy ^byx ^)x'{yx ^axy ^) = deg x deg x'- 



The lemma has the following useful consequence: Taking the magnitude on both sides of 
the equation in Lemma [5.1( ii). we obtain 

\xixy'%x'^)x'iyx~'^axy''^)\ = degxdegx', 

since the values of Pa and Ph are roots of unity. Now, for any h G Gcia), x{h) is a sum of 
degx roots of unity, and so by the triangle inequality, |x(^)| ^ degx, with equality if and 
only if all roots are the same. Similarly for x'- Thus if {a,x), {b,x') centralize each other, 
then ^^^y — I and — ^ — I roots of unity for all x, y G G. 

deg X dcg x' ' ^ 
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5.2. Canonical data determined by a fusion subcategory of Rep(D'^(G')). Let V be 
a fusion subcategory of C. Define two normal subgroups of G as follows: 

Kv = {go-g'^ \ g E G, (a, x) E V n T for some x} 

Ht, = fl Ker(x) 

where Ker(x) = {g E G \ x{g) = Note that the definition of Hd is equivalent to 

V n Rep(G') = Rep{G/Hv) as before. 

Proposition 5.2. Let V be a fusion subcategory of C. Then Hd' = K-p, K-pi = Hx), and the 
groups Kx) and H-p centralize each other. 

Proof. By Lemma [5.11 a simple object (e, x) Rep(G) centralizes T> if and only if x(a) = 
degx for all a G Kj). The rest is similar to the proof of Proposition 13.61 ■ 

Lemma 5.3. Let £ be a fusion subcategory of C and let (a, x) E £ \~\T. Suppose x' is an 
irreducible Pa-character of Gg{o) such that = i^^' -^^^^ {(^^x') ^ 

Proof. We will show that (a, x') centralizes £'. Let (b, x") ^ £'\~\T. Note that since (a, x) ^ 
the conjugacy classes Ka and K^y commute. It remains to show that the equation in Lemma 

I5.1( ii) holds for the pair (a,x')) ip^x")- By hypothesis, = so we may replace x' 

by X ill the equation. However we already know that (a, x) centralizes £' since (a, x) £ ^-^ 
so by Lemma IHTlT ii). the desired equation holds. ■ 

Let T) be any fusion subcategory of C. Define a pairing 
as follows. Let (a, x) G P fl F, and 

^ ^ ' Pa{x,x-^) degx 

for all X G G, /i G Hd- We will show that Bj) is well-defined and does not depend on 
X- For this, we give an equivalent definition: Write h = y^^by for b G Hx> H R, y E G, 
(6, x') eV nr. Since (a, x) and (6, %') centralize each other, we have by the definition 
of Bj) and Lemma [5.1( ii) that 

-1 _ Pb{y,y'^) degx' 



(23) B-pix ax,y by) = —— 

iJb{y,x ^ax)Pb{yx ^ax,y ^) x {yx ^axy ^) 

This proves that B-^ does not depend on the choice of x- Now suppose z~^az = x~^ax for 
some z E G. Then by f l23|) . 

Pbiy^y'^) degx' 



az,?/ fey) 



z-^az)(3b{yz-^az, y-^) x'{yz-^azy-^) 

(3biy,y'^) deg x' 

(3b{y, x-^ax)(3b{yx~'^ax, y^) x'iyx'^axy-^) 
BD{x~^ax,y~^by). 



Therefore B-p is well-defined. 
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Next we give a definition of a G-invariant cu-bicliaracter, generalizing [NNl Defns. 4.5, 4.6] 
(tlie case K = H), and sliow tliat Bx) satisfies the definition. 



Definition 5.4. Let H, K be normal subgroups of G that centralize each other, and let 
B : K X H ^ be a function. 

We say that B is an u- bicharacter if 

(i) B{x,yz) = /3~^{y,z)B{x,y)B{x,z) and 
{ii) B{wx,y) = (3y{w, x)B{w,y)B{x,y) 

for all w,x E K, y, z E H. Equivalently, B{x,-) is a /3a.-character of H and B{—,y) is a 
/3~ ^-character of K. 

We say that B is G- invariant if 

Bix-'kx,h) = ^^^"-^;^^^"^;""^ i?(fc,x/.a:-^) 

for aA\ x,y e G, h e H, k e K. 

Remark 5.5. (i) The G-invariance property corresponds to the following action of G: 
Let {5x}x<^G be the basis of the linear dual {kG)* of the group algebra, that is dual to 
G, that is 5x{y) = S^^y for all x^y EG. Then we may identify a basis of D'^{G) with 
the set {5x'g}x,g&G- In this notation, the subalgebra kSxGcix) of Z)'^(G) is isomorphic 
to the twisted group algebra k'^''[Gc{x)]. A group element g E G acts on D'^{G) 
via conjugation by the invertible element g = ^^g^ Sxg, and takes the subalgebra 
k^^'lCcix)] to A;^9~^^9[Gg((?^^x(7)]. Under these identifications, B is G-invariant if 
and only if the function B{k,-) on is taken to the function B{x^^kx, ■) on 

kl^x-^kx [if] via conjugation by x. 
(ii) There is a symmetry in the definition of an cj-bicharacter that appears to be lacking 
in the definition of G-invariance. However, a consequence of the next lemma is 
that there is an equivalent definition of G-invariance, considering B instead to be a 
function in the first argument, fixing the second. 

Lemma 5.6. Let x, h, k E G for which hk = kh. Then 
Uxjh, k) ^ I3xhx-^{x,x-^) 

Uxik, h) Pxhx'^ix, k)pxhx'^{xk, x-i) ' 
i^x{x~^hx,x~^kx) h'x-^{k,h) ^ 

iyx{x~^kx, x~^hx) i/x-i{h,k)' 

^'"^ Pkiy-\ h)P,iy-% y) k)Py,{yk, y-^) ' 

Proof, (i) We must show that 

Vx{h, k) _ pxhx-^{x, k)pxhx-^{xk, x-^) _ ^ 
Ux{k,h) pxhx-^{x,x-'^) 

This follows by applying the definitions (ITTj) and (|T4l) . and the 3-cocycle condition ( |T2l) to the 
tuples {xkx~^,x, h, {xkx~^, xhx~^,x, x~^), {xhx~^ , xkx~^ , x, x~^), {xkx~^, x, xhx~^). 
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(ii) Applying (12T1) to the quadruples {x,x ^, /i, k) and (x, x ^, fc, /i) we obtain: 



Ux{x'^kx, x^^hx)h'x-i{k, h) 



r]hk[x,x 



-1^ 



r]h{x,x~^)rik{x,x-^)' 



Vkh[x,x 



-1^ 



T]k{x,X ^)T]h{x,X 1) 



Since hk = kh the stated identity follows. 

(iii) Applying the identity in part (i) to the triples {y~^,yky~^,h) and {y,y~^hy, k), the 
claimed identity is equivalent to 

Uy-i{yky-^ ,h)py{k,y-^hy) ^ ^ 
Vy-i{h,yky-^)vy{y-^hy,k) 

which is seen to be true by applying the identity in part (ii) to the triple (y, yky~^, h). ■ 

It follows from part (iii) of the lemma that a function B : K x H ^ k^ is G- invariant if 
and only if 

for aA\ x,y & G, h & H , k & K. 

Proposition 5.7. Let V he a fusion subcategory of C. Then B-p is a G-invariant uo- 
bicharacter on Kj) x Hxi- 

Proof. First we check G-invariance. By definition fl2^ . for all a G -ft' fl i?, we have 

1 [3a{x,h)l3a{xh,x-^)x{xhx-^) (3a{x,h)(3a{xh,x-^) _i 

^-(" — 

the second equality by (122!) with /i replaced by xhx~^ and x replaced by the identity element. 
More generally, let k = y~^ay, and apply the above equation twice, the first time to express 
B{{yx)~^ayx, h) as a scalar multiple of B{a, {yx)h{yx)~^), and the second time to express 
B{a,y{xhx~^)y~^) as a scalar multiple of B{y~^ay,xhx~^). We obtain in this way: 

^o^^ -1/ h\ Pa{y,y'^)f3a{yx,h)f3a{yxh,x^^y-^) _i 

(24) 5(x kx,h) = — _ — , _i . 3^--S(A;,x/ix ). 

(Ja{y,xhx ^)Pa{yxhx \y ^)Pa[yx,x ^) 

This is equivalent to G-invariance: Apply (1181) thrice to 

[~^y~^ay^X ^ hj^ f3y—if^y(yXh^ X ) 
Py~^ay i^X, X ) 

to express all scalars as images of Pa, and then apply (ITS!) to the quadruples (a, yxh, x"^, y^^) 
and {a,yx,x~^,y~^) to obtain the expression fl2^ . 

Now let hi,h2 & H and a & K (1 R. By the definition of -875, we have 

E7,(a, /ii)i?^(a, /i2) = = p^^h,, h,)^P^ = Paih, h)Br,{a, h,h,). 

deg X deg x deg x 
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Let X G G. By G-invariance of B-p we now have that Bxi{x ^ax, hi)Bx>{x ^ax, /12) is equal 
to 

(3a{x, hi)Pa{xhi,X-^)Pa{x, h2)Pa{xh2, 



Pa{x,X-^y 

l3a{xhiX~^, xh2X~^)(5a{x, hi)f3a{xhi, X~'^)(3a{x, h2)(3a{xh2, X"^ 



B{a,xhix ^)B(a,xh2X ^) 

B(a, xh2h2X~^] 



/3a(x,X-l)2 

On the other hand, 

B . (h h \R (r-^nr h h\- f^--'--^^^^ h2)f3a{x, /li/l2)/?a(x/li/l2, X-') 1, 
Px-^ax\rt'ii rt'2)iJv\x ax, 111112) — —, n{a,xriiri2X 

Pa{x,X-^) 

Comparing, the two will be the same if and only if 

(3a{xhiX~^, xh2X~^)Pa{x, hi)(3a{xhi, X~'^)(3a{x, h2)(3a{xh2, X~^] 



1. 



(3a{x,X ^)Px-^axihl,h2)Paix,hih2)Paixhih2,X ^) 

This we prove just as in the proof of |NNl Lemma 4.10]: We apply (fT8|) for f3a successively to 
the five triples (x, /ii,/i2), {x,h2,x~^), {xhi,x~^,xh2X~^), {xhi,h2,x^^), {x,x^^,xh2X~^) and 
make a corresponding substitution each time. It follows that B-p satisfies the first equation 
in the definition of cu-bicharacter. To see that it satisfies the second, we use the alternative 
definition (125]) of Bx>, and apply an analogous argument. ■ 

We have associated, to each fusion subcategory "D of C, a canonical triple (Kx), Hx>, Bx>), 
where Kd and H-p are normal subgroups of G centralizing each other, and Bp is a G-invariant 
cij-bicharacter. Next we associate to each triple a fusion subcategory. 

5.3. Construction of a fusion subcategory of Rep(i5'^(G)). Let K,H be normal sub- 
groups of G that centralize each other, and B : K x H a G-invariant tu-bicharacter. 
Define 
(25) 

S{K, H, B) := full Abelian subcategory of C generated by 

a & K n R and x is an irreducible /?(j-character of Gcia) 
such that x{h) = B{a, h) degx, for aS[ h E H 

We will prove that S{K, H, B) is a fusion subcategory of C and determine its centralizer. We 
will need |NNl Lemma 4.4], proved by Clifford theory [Kal Theorem 7.8.1] and Frobenius 
reciprocity [Ka', Proposition 7.4.8] for projective characters: 

Lemma 5.8. Let E be a normal subgroup of a finite group F , and a a 2-cocycle on F. Let 
Irr(F) denote the set of irreducible a-projective characters of F. Let p be an F-invariant 
a\ExE-projective character of E of degree 1. Then 

J2 {degxr = [F:E]. 

XGlrr(F):x|£; = (deg x)p 

To apply the lemma to our situation, replace E hj H and F by Gcia), and note that 
by G-invariance of B, the function B{a, — ) is a GG(a)-invariant /^al/^x/f-projective character 
of H of degree 1. One consequence of the lemma then is that there exists at least one 
X G Irr(GG(a)) such that (a, x) G S{K, H, B). This implies in particular that K is the 
support of S{K, H, B). 
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[a, x) e r 



Lemma 5.9. The dimension of S{K, H, B) is \K\[G : H]. 

Proof. The proof is the same as for uj = 1 (Lemma l3.1Up . replacing Lemma IX^ by LemmaEHi 

■ 

Let (5°P)-i : H X K ^ k"" hethe function defined by {B°'^)-\h,k) = B{k,h)-\ Then 
is a G-invariant cu-bicharacter, by symmetry of Definition 15.41 (see Remark I5.5( ii)). 

Lemma 5.10. S{K,H,B) is a fusion subcategory ofC andS{K,H,By = S{H,K, (5°p)-1). 

Proof. First we show that S{K,H,B) and S{H, K, {B°^)^^) centrahze each other. Let 
(a,x) e S{K,H,B) n F and (6, x') G S{H,K, (5°p)-1) n F. Then the conjugacy classes 
Ka and centralize each other. We check Lemma ISTlT ii). using the two equations (122!) and 

m- 

/3a{x,y-^by)l3aixy-%,x-^)(3b{y,x-^ax)(3biyx~^ax,y-^) _i , _^ _i 

— — — x{xy byx )x {yx axy ) 

(3a{x,x-^)(3b{y,y-^) 

_ Pajx, y~^by)Pa{xy~^by, x~^)Pb{y, x~'^ax)(3b{yx~^ax, y~^) 

(3aix,x-'^)/3biy,y-^) 

■B{a, xy'^byx"^) degx{B°^)^^{b^ yx^^axy^^) deg x'- 

By G-invariance, this may be rewritten as 

B{x~^ax,y~^by) deg xB'^x"^ ax, y"%y) degx = deg x deg x', 

as desired. Therefore S{K,H,B) and S{H,K, {B°^)^^) centralize each other. 
By Lemma [5.91 

dim{S{K, H, B)) dim(5(/7, K, {B°^)-^) = \G\^ = dimC. 



op^-l^ 



By Lemma [2?T| S{K, H, B) is a fusion subcategory of C and S{K, H, B)' = S{H, K, {B 

■ 

Theorem 5.11. The assignments T> ^ {K-p, H-d, B-i)) and {K,H,B) \—>- S{K,H,B) are 
inverses of each other. Thus there is a bisection between the set of fusion subcategories of C 
and triples {K, H, B) where K, H are normal subgroups of G that centralize each other and 
B : K X H k^ is a G-invariant uj-bicharacter. 

Proof. First we show that {Ks(^k,h,b),Hs{k,h,b),Bs(k,h,b)) = iK,H,B). We have already 
observed that K is the support of S{K, H, B), so Ks{k,h,b) = K. It follows that Hs{k,h,b), 
which is the support of S{K,H,B)' = S{H,K, (5°?)-^), is H. Let a e K n R, (a, xj e 
S{K, H, B) n F, and h E H. Then by the definition of Bs(^k,h,b), we have 

R (n h\- 
^S(K,H,B){0', ri) — . 

degx 

On the other hand, since (a, x) £ S{K, H, B), we have x(^) = B{a, h) degx, so B{a,h) = 
Bs{K,H,B){.o,,h). By G-invariance, this implies B = Bs{k,h,b)- 

Now we show that S{Kx>, H-p, Bj)) = V. Let (a, x) G S{Kt,, Hd, Bd) fl F. Then for all 
h G Hxi, by the definitions of S{Kx>, H-p, B^) and of Bp,, respectively, we have 

Xih) _r, X'{h) 

B'p{a, h) - 

deg X deg x 
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for any x' such that (a, x') is simple in V. By Proposition 15. 2[ we have Kd' = Hx), so the 
above equation holds for all h G Kt>'. By Lemma [5.31 have (a, x) £ We have shown 
S{Kv, Hv, Bv) C P. Similarly S{Kv', Hv, Bv) = S{Hv, Kv, Bv) C V. By Lemma EH 

diui{S{Kv, Hv, Bv)) dim(5(iJp, K^, B^)) = IGp = dimC. 

This forces S^Hj), Kj), Bx>') = S{Kx>, Hx>, Bx>)' , so that V C S{Hx), Kj), Bx>')- Therefore 
V = S^Hj), Kf), Bx>'), and by symmetry, V = S{Kd, Hd, Bx>)- ■ 

Remark 5.12. Let C be any braided group-theoretical fusion category (see Section [2.ip . 
The braiding yields a canonical embedding of C into its center Z{C). (See [K] for the center 
construction.) Since C is group-theoretical, Z{C) is equivalent to Z(Vec^) = Rep(D'^(G)) 
for some finite group G and 3-cocycle u. (This follows from [EN 01 Sect. 8.8]. See also 
the proof of |Nal Thm. 1.2] and [Mj[ Prop. 3.3].) Therefore C may be realized as a fusion 
subcategory of Iiep{D'^ [G)) . By Theorem 15.111 C is equivalent to a category of the form 
S{K, H, B) defined in f[25|) for some normal subgroups K,H of G that centralize each other 
and G-invariant tu-bicharacter B on K x H. 

6. Some invariants and the lattice of fusion subcategories of Rep{D'^{G)) 

6.1. The lattice. Let K, H, K', H' be normal subgroups of G such that K and H centralize 
each other, and K' and H' centralize each other. Let B : K x H ^ and B' : K' x H' 
be G-invariant cu-bicharacters. 

Proposition 6.1. S{K,H,B) C S{K\H',B') if and only zf K C K',H' C H, and 

B\kxH' = B'IkxH'- 

Proof. The statement follows from the definitions since K is the support of S{K, H, B) by 
Lemma 15.81 ■ 

Let (fB,B' : K n K' ^ H n H' he the function defined by 

V5B,B'(a) = B{a, ■)\HnH'{B')'^{a, ■)\HnH', 

where H H H' denotes the group of group homomorphisms from H H H' to k^ . It is straight- 
forward to check that for each a G -ft" fl K', ^pB,B'{ci) is indeed a group homomorphism from 
H n H' to k^ , and that ifB,B' is itself a group homomorphism from K (1 K' to H (1 H' . Let 
ipB,B' '■ ker(y9B,B' X HH' k^ be the function defined by 

il^B^B'^a, hh') = (3-\h, h')B{a, h)B'{a, h') 

for all a G i^, /i G H, h' G H' . Note that '>Pb,b' is well-defined: Suppose hih'^ = h2h'2 for 
elements /ii, /12 ^ H., h[, h'2 G H'. We must check that 

h[)B{a, h)B'{a, h[) = h'2)B{a, h,)B'{a, h'^), 

or equivalently, 

h[)B{a, h2)-'B{a, h) = p-\h2, K)B'{a, K)B'{a, h[)~\ 

Since B, B' are tu-bicharacters, we have 

B{a, h2)B{a, h^') = /3,(/i2, /^a ')5(a, 1) = Pa{h2, h^'), 
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so B{a, h2)-^ = f3-\h2, h^^)B{a, h^^), and similarly, B'{a, h[)-^ = (3-\h[, {h[)-^)B{a, {h[)-^] 
Thus we must show that 

Now, h2^hi = h'2{h'i)~^ G i/ fl H', and since a G kei ipB,B', we have B(a, h2^hi) = 
B'{a, h'2{h\)~^). Thus we must show that 

^ _ Pajhl, h[)Pa{h2, h2')Paih'2, jh'.y') 
f3a{h2\h)(3,{h2,h'2)m'lAK)-'y 

This follows by applying the 2-cocycle identity for Pa successively to the triples {h2^, hi, h[), 
(/i2 \ /i2, h'2), and (/i2, h[). Therefore 'ipB,B' is well-defined. 

Lemma 6.2. The function ipB,B' is a G-invariant u-bicharacter on keT(fB,B' x HH'. 

Proof. We first prove that identity (ii) in Definition 15.41 holds for 4jb,b''- Let a, a' G kenpB^B', 
and h E H , h' E H' . We must prove 

i^B,B'{aa', hh') = Phh'{a, a')i:B,B'{a, hh')^pB,B'{a' , hh'). 

The left side is 

—^——B{aa!, h)B'iaa', h') = h')B\a', h'). 

The right side is 

Phh'ia,a' 



The two are equal if and only if 

^ _ Phja, a')Ph'{a, a')Pa{h, h')(3a\h, h') 
Paa'{h,h')Phh'{a,a') 

This is true by the identity (l20l) and by (fT9l) (note a, a' centralize h, h'). 
Next we prove that ipB,B' is G-invariant: We must prove that for all x E G, 

I I -1 uh'\ Pa{x,hh')f3a{xhh',x-^) _i 

Wb,b'[x ax,hh) = — ipB,B'[a,xhh x ). 

I3a[x,x-^) 

By the definition of i^b^b' and G-invariance of B, B', the left side is 
— — —B(x~^ax, h)B'(x~^ax, h') 

Px-^ax{h, h') 

Pa{x,h)Paixh,X-^)Paix,h')Paixh',X-^) -U d'/ -U 

= — B{a,xhx )B{a,xhx ] 

Px-^ax{h,h')(ja{x,X 

The right side is 

f3a{x,hh')(3a{xhh',x-^) _i 
— — ——B{a,xhx )B{a,xhx . 

Pa{X,X ^)Pa[xhx \xh'X ^) 

So the left side equals the right side if and only if 

^ _ Pajx, h)(3a{xh, x~^)f3a{x, h')(3a{xh', x~'^)f3a{xhx~'^,xh'x~'^) 

Px-^ax{h, h')Pa{x, X-^)Pa{x, hh')Pa{xhh', X''^) 
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This follows by applying the identity (fT8|) to the tuples {a,x,h,h'), {a,xh,x~^,xh'x~^), 
{a,x,x~^,xh'x~^), {a,xh,h',x~^), and {a,x,h',x~^). 

Finally we prove that identity (i) in Definition 15.41 holds for 1^3,3' ■ Let a G ker (pB,B' and 
2/1, Zi e H, ?/2, Z2 e H', y = yiy2, z = Z1Z2. We show that 

(a, yz) = Pa^iy, z)ipB,B' (a, y)^B,B' (a, z) . 

Since B' is G-invariant and zi G 6*0(0), the left side ipB,B'{ci, {yiZi){zi'^y2ZiZ2)) is equal to 

= P~^{yizi, z{^y2ZiZ2)B{a, yiZi)B'{a, z{^y2ZiZ2) 

= Pa^iVi^u Zi^y2ZiZ2)(3~^iyu zi)p-\z];^y2Zi, Z2)B{a, yi)B{a, Zi)B'{a, z^^y2Zi)B'{a, Z2) 

/^a(^r\^i) 

f3a{.yiZu Zi^y2ZlZ2)/3aiyi, ^l)/?^ (zf ^2^1 , ^2)/3a (^fS 2/2)/?a (%"^Z/2 , ^l) 

■B{a, yi)B{a, zi)B\a, y2)B'{a, Z2). 

The right side is 

f^a^ivm, ziZ2)(3-^{yi,y2)(3~^{zi, Z2)B{a, yi)B'{a, y2)B{a, ^i)'(a, Z2). 
The two are equal if and only if 

^ ^ PaiZi\ Zi)/3a{yi, y2)/3aiZi, Z2)/3a{yiy2, Z1Z2) 

PaiyiZu Z^^y2ZiZ2)l3a{yi, Zi) l3a{z^^y2Zl, Z2)l3a{z^^, y2) Pa^Z^^ y2, ^l) ' 

This follows from the identity = /^^(zi, z^"^) (obtained by applying the 2-cocycle 

identity to (2;^^, 2:1, ^)) and application of the 2-cocycle identity for (3a to the triples 
(2/1, zi, z^^), (2;r\ 2/2, zi), {z^\y2Zi, Z2), (2/2, zi, Z2), {yiZi, z^^y2, Z1Z2), and {yiZi, z^^,y2). ■ 

Proposition 6.3. (i) S{K, H, B) f] S{K' , H' , B') = S(keT ^b,b', HH' ^iPb^b') ■ 
(ii) S{K,H,B)y S{K',H',B') = S{KK',ker^Bop,iB'r.,{tpBo.',iB')o.Y'')). 

Proof. The proof is the same as for u = 1 (Proposition I4.2p . using Lemma [5.101 in place of 
Lemma 13. Ill ■ 

We will need the following lemma in order to characterize isotropic subcategories. 

Lemma 6.4. Let B : K x H ^ be a G -invariant uj-bicharacter with K (1 H and 
B{a, a) = 1, for all a e K f] R. Then B{k, k) = 1, for all k e K. 

Proof. Let k E K and write k = x~^ax, x E G, a E K Ci R. By G-invariance of B and the 
equality B{a, a) = 1 we obtain 

B[x ax,x ax) = — . 

Pa{x,X ^) 

Applying the definition f|T4l) of (3a and the 3-cocycle condition f|T2|) for uj to the quadruples 
) and ( ), the right side of the above equality is equal to 1. ■ 

We next characterize symmetric, isotropic and Lagrangian subcategories. Definitions were 
given in Section H?T1 

Proposition 6.5. The fusion subcategory S{K, H, B) C Rep(D'^((j')) is 

(i) symmetric if and only if K ^ H and B{ki, k2)B{k2, ki) = 1, for all ki, k2 G K, 

(ii) isotropic if and only if K <Z H and B\kxK is alternating, 
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(iii) Lagrangian if and only K = H and B is alternating. 

Proof. The proof is the same as for uj = 1 (Proposition 14.31) . using Lemma [5.101 and Propo- 
sition 16.11 in place of Lemma 13.111 and Proposition 14. 1[ We note that in part (ii) we also use 
Lemma 16.41 ■ 

Proposition 6.6. Z2{S{K, H, B)) = Sikei ipB,{B°'p)-^^ HK,ipB,[B°-p)-^) ■ 

Proof. The proof is the same as for uj = 1 (Proposition 14. 4p . using Lemma [5.101 and Propo- 
sition [63^1) in place of Lemma [3.111 and Proposition I4.2( i) . ■ 

Note that if B is an tu-bicharacter on K x H, then i?°P is an a;~^-bicharacter on H x K. 
Consequently, BB°^ is a (symmetric) bicharacter on {K n H) x [K fl H). 

Proposition 6.7. (i) The fusion subcategory S{K, H, B) C Rep(D'^(G)) is nondegen- 
erate if and only if HK = G and the symmetric bicharacter BB°P\(^KnH)x{KnH) is 
nondegenerate. 

(ii) Rep(D'^(G)) is prime if and only if there is no triple {K,H,B), where K and H 
are normal subgroups of G that centralize each other, (G, {e}) ^ {K,H) ^ {{e},G), 
HK = G, and B is a G -invariant lo -bicharacter on K xH such that BB'^^\(^KQH)x{KnH) 
is nondegenerate. 

Proof. The proof is the same as for uj = 1 (Proposition I4.5p . using Theorem 15.111 and Propo- 
sition 16.61 in place of Theorem 13.121 and Proposition 14. 4[ ■ 

6.2. The Gauss sum and central charge. The definitions of Gauss sum and central 
charge of a premodular category were recalled in Section 14.21 

Proposition 6.8. The Gauss sum of the fusion subcategory S{K, H, B) of Kep{D'^ (G)) is 



TiSiK,H,B)) = y- Yl \Ka\Bia,a) 
' ' aeKnHnR 

When S{K, H, B) is nondegenerate its Gauss sum is 

\K\ 
\KnH\ 



riSiK,H,B)) = -^^ J2 Bia,a) 



a£KnH 



and its central charge is 



aS{K,H,B))= J-— J2 ^(«'«)- 

V 1^ ^^1 aeKnH 



Proof. The proof is the same as for u = 1 (Proposition 14. Sp . using Proposition 16.71 in place 
of Proposition 14.51 ■ 

7. A CHARACTERIZATION OF GROUP-THEORETICAL BRAIDED FUSION CATEGORIES 

Let us recall notions of equivariantization and de-equivariantization of fusion categories 
from |BH[M2l[Ki]. 

Let C be a fusion category with an action of a finite group G. In this case one can define 
the fusion category C*^ of G-equivariant objects in C. An object of this category is an object 
X of C equipped with an isomorphism Ug : g{X) X for all g & G, such that 

Ugh o 7g,?t = UgO g{uh), 
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where 73,^ : g{h{X)) gh{X) is the natural isomorphism associated to the action. Mor- 
phisms and tensor product of equivariant objects are defined in an obvious way. This category 
is called the G-equivariantization of C. 

There is a procedure opposite to equivariantization, called de-equivariantization. In the 
context of modular categories it was introduced as a modularization by Bruguieres and 
Miiger. Namely, let C be a fusion category and let £ = Rep(G) C Z{C) be a Tannakian 
subcategory that embeds into C via the forgetful functor Z{C) — > C. Let A = Fun(G) be the 
algebra of functions on G. It is a commutative algebra in Z[C) and so the category Co of 
left A-modules in C is a fusion category, called the de-equivariantization of C by £. The free 
module functor C —>■ Cq '■ X A ^ X is a. surjective tensor functor. 

The above constructions are inverse to each other. In particular, Cg admits a canonical 
action of G such that there is a canonical equivalence (Cg)'^ = C. 

Remark 7.1. The following consequence of the above constructions will be used in the proof 
of Theorem 17.21 below. Given a braided fusion category V and a Tannakian subcategory 
Rep(G') C P we have a commutative algebra A = Fun(G) in V. The category T>g of 
^-modules in "D is a fusion category with an action of G and V is equivalent to the G- 
equivariantization of Vg- 

The next theorem characterizes group-theoretical braided fusion categories as equivari- 
antizations of pointed fusion categories. 

Theorem 7.2. Let V be a braided fusion category. Then T> is group-theoretical if and 
only if it contains a Tannakian subcategory S = Rep(G) such that the corresponding de- 
equivariantization Vg is pointed. Equivalently, T> is group-theoretical if and only if it is an 
equivariantization of a pointed fusion category. 

Proof. It follows from [Nkt Theorem 3.5] that an equivariantization of a pointed fusion cat- 
egory is group-theoretical. Hence, if Vg is pointed then V = (Vg)'^ is group-theoretical. 

Conversely, suppose V is group-theoretical. Then by Remark 1 5 . 1 2 1 and Theorem 15. IH there 
exist a group G, a 3-cocycle u on it, normal subgroups K, H G G, and B : K x H ^ such 
that V = S{K, H, B) C Rep(D'^(G')). The category V contains a Tannakian subcategory 
Rep(G/if) and is identified with a certain category of equivariant vector bundles on K. Let uj 
denote the restriction of uj to K .,\et F : V ^ Vec"^ be the restriction of the forgetful functor 
Rep(L''^(G)) ^ ^(Vecg) ^ Vec^, and let / : Vec"^ ^ V he the left adjoint to F. Then 
A := J(l) = Fun{G/H) is a commutative algebra in Rep(G/if) C V. Furthermore, for any 
X G Vec*^ the object I{X) has a structure of an A-module (see |DGNOl proof of Theorem 
4.8] for details) and the functor X I{X) is a tensor equivalence between Vec*^ and the 
category of A- modules in V. By Remark 17. V is equivalent to a G/if-equivariantization 
of the pointed category Vec*^, so the proof is complete. ■ 

Remark 7.3. (i) A different proof of Theorem 17. 21 will be given in an updated version of 
|DGNOj . The proof presented here uses the explicit description of group-theoretical 
categories as subcategories of twisted group doubles, 
(ii) By the work of Kirillov Jr. [Ki] and Miiger [M.2\ the above de-equivariantization of 
V has a structure of a braided G-crossed category in the sense of Turaev By 
definition, a braided G-crossed fusion category is a fusion category C equipped with 
an action g Tg of a group G by tensor autoequivalences of C, a (not necessarily 
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faithful) grading C = (BgecCg, and a natural collection of isomorphisms 

cx,y :X®F~rg(F)®X, X e Cg, g e G and YeC 

satisfying certain compatibility conditions, 
(iii) Recall that a crossed module is a pair of groups {G, X) with G acting on X by 
automorphisms, denoted {g,x) i— > s'x, and a group homomorphism d : X —>■ G 
satisfying 

^'•^■'x' = xx'x^^, for all x, x' G X 

and 

= ^(9(x)^-\ for all ^ G G, X G X. 

Let C be a pointed G-crossed braided category and let X be the group of isomorphism 
classes of simple objects of G. Then (G, X) is crossed module. By Theorem 17.21 every 
group-theoretical braided fusion category gives rise to a crossed module. 

A construction of braided fusion categories from crossed modules was given by 
Bantay in ^Baj . But a general problem of classifying pointed G-crossed categories in 
terms of group cohomology seems to be quite complicated, see |M4t 4.9]. 
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